We precisely reproduce the perimeter law obeyed by Wilson loops on large spatial contours in planar N = 2 SYM at strong coupling, as recently deduced using localization, by means of a dual holographic model. The relevant supergravity background is sourced by D5-branes wrapped on a two-sphere in a Calabi-Yau two-manifold. Thus, localization and holography are cross-checked, for the first time, in a non conformal context where the gravity background is not asymptotically Anti de Sitter and the dual gauge theory has a logarithmically running coupling. We also notice that the same cross-check can be performed considering an alternative holographic description of N = 2 SYM based on a background sourced by fractional D3-branes.
Introduction
It has been recently argued in [1] (see also [2, 3] ) that supersymmetric Wilson loops in some planar N = 2 supersymmetric gauge theories at strong coupling obey the perimeter law log W [C] = µL , (µL ≫ 1) ,
where L is the length of a large spatial contour and µ, whose precise meaning will be clear in a moment, is proportional to the dynamical scale Λ of the theory. The Wilson loops are taken in the fundamental representation and the above result has been derived both for N = 2 * and for pure N = 2 Super-Yang-Mills (SYM) theories, using supersymmetric localization techniques [4] .
The strategy goes as follows. One first considers the gauge theories compactified on a four-sphere S 4 in such a way that supersymmetry remains unbroken. In this case the partition function reduces to a finite dimensional integral over a real section of the complex moduli space of the theory in the Coulomb branch.
1 This in turn allows to compute relevant observables like the VEV of the Wilson loop on the big circle of S 4 (of length L)
where Φ 0 is one of the two real adjoint scalar fields which combine to give rise to the complex field Φ of the N = 2 vector multiplet (e.g. Φ 0 = Re [Φ] ). Localization amounts to replacing the fields A µ , Φ 0 by their classical values A µ = 0, Φ 0 = diag(a 1 , . . . , a N ) and performing the matrix integral over the classical configurations with an appropriate measure (that encodes the relevant dynamics of the particular theory). In the large N limit, where the integral which defines the partition function is governed by a saddle point, the VEVs of the field Φ 0 form a continuous distribution described by a density ρ(a) which solves the saddle point equations. The eigenvualues are distributed on a interval [−µ, µ] of the real axis, where their density is normalized to one
Once ρ(a) is determined, the circular Wilson loop is computed as
The result for the Wilson loop in flat space is then obtained in the decompactification limit µL → ∞.
For N = 2 * SYM, which is asymptotically conformal in the UV, the density distribution selected by localization precisely coincides, in the strong 't Hooft coupling regime, with the semi-circular one corresponding to the dual supergravity solution found in [5] . A holographic computation of large Wilson loops in that model, performed in [6] , shows that the perimeter law (1.1) is precisely reproduced.
In the large N limit of pure N = 2 SYM, when ΛL is taken to be very large, it was shown in [1] (see also [2] ) that the density distribution selected by localization is of the form 5) where, adopting the renormalization scheme used in [2]
A distribution of VEVs of this kind, for the theory in flat space-time, is found to describe the Z 2 ⊂ U(1) R symmetric points in the Coulomb branch of the theory where all types of monopoles become massless [7] (interestingly, these are the relevant vacua to consider in order to flow from the mass-deformed N = 2 theory to N = 1 SYM). Crucially, the latter has a known dual supergravity description which has been found in [8] (see also [9] ). The relevant type IIB supergravity background is sourced by N D5-branes wrapping a two-cycle in a two-complex dimensional Calabi-Yau space (CY 2 ). The low energy dynamics of such D5-branes is described by a four-dimensional N = 2 SYM theory in various points of the Coulomb branch. The class of relevant solutions corresponding to the Z 2 -symmetric vacuum described above is parameterized by an integration constant b which is precisely related to the ratio µ/Λ.
Focusing on this class of solutions we show, by means of a simple holographic computation, that the perimeter law (1.1) for large spatial Wilson loops is precisely reproduced in the pure N = 2 SYM case. To our knowledge, this is the first time that localization and holography are cross-checked in a non conformal context where the gravity background is not asymptotically Anti de Sitter and the dual gauge theory has a logarithmically running coupling.
Finally, we notice that the above cross-check is realized also by considering an alternative -though not fully explicit -realization of the above mentioned Z 2 -symmetric vacuum, found in [10] considering fractional D3-brane solutions. We will discuss this issue in the final part of this note.
The wrapped D5-brane background
In this section we review the relevant gravity background, discussing along the way the crucial identification of the location of the holographic Wilson loop in the internal space, which allows to derive exactly formula (1.1) with a simple holographic calculation. The low energy dynamics of N D5-branes suitably wrapped on a two-cycle in a CY 2 , as shown in [11, 8] , is described by a four-dimensional N = 2 SYM theory. The dual supergravity description of the theory in the planar, strong coupling regime is, according to the holographic correspondence, given by the background which is sourced by the D5-branes.
The ten-dimensional background which is relevant for the purpose of this note has been found in [8] . It includes a six-form RR potential C 6 (whose full expression is not required now) and a string-frame metric and dilaton given by
, ds
where u is a dimensionless radial variable (holographically related to the RG scale of the gauge theory) and
The angular coordinates θ ∈ [0, π] and ϕ ∈ [0, 2π] describe the two-sphere which is wrapped by the N D5-branes. The remaining ones are related to the transverse three-sphere and have ranges given by 0
Finally, the functions λ i run with the radial variable u, according to the following relations e λ 2 +λ 3 2
Here b is an integration constant. 3 The minimal allowed value of u (i.e. the value u min at which the dilaton e Φ D goes to zero and the Ricci scalar diverges) generically depends on b and on the angular directions.
When u → ∞ (which corresponds to the UV of the dual gauge theory) the solution asymptotes to a linear dilaton background. When u → u min (the IR) the solution has a "good" singularity according to the criteria in [12] .
If b = 0 one gets λ 2 = λ 3 . In this case the metric has two U(1) isometries corresponding to shifts of the angles φ 1 and φ 2 . These correspond respectively to the classical U(1) J ⊂ SU(2) R and U(1) R global symmetries of the dual field theory. In the general case with b = 0 the U(1) R symmetry is broken to Z 2 . As it has been discussed in [8, 13, 14, 9] , the scalar fields λ 2 + λ 3 and λ 2 − λ 3 are in fact dual to the operators T rΦΦ and T rΦ 2 , respectively.
The classically U(1) R symmetric solution, which was also independently found in [11] (see also [15] ), was argued to correspond to a point of the Coulomb branch of the dual field theory where the VEVs of the scalar field are spherically distributed. The U(1) R symmetry, which is actually broken to Z 4N by the anomaly, 4 acts as a Z 2N subgroup on that point of the Coulomb branch. This is not the solution to be considered in order to match the localization results found in [1] . We will thus consider just the b = 0 solution from here on.
A standard procedure allows to understand which point of the Coulomb branch of the N = 2 SYM theory corresponds to a given dual supergravity solution. First, one considers the symmetry breaking pattern SU(N + 1) → SU(N) × U(1), which is induced (at the classical level) when one eigenvalue φ of the adjoint scalar field Φ gets a non-zero VEV: it can be realized moving one of the N + 1 wrapped D5-branes from the original stack into the transverse space. If the remaining stack of N branes describes the theory on a generic point of the Coulomb branch, the corresponding SU(N) symmetry is actually broken to U(1) N −1 . All in all, the adjoint scalar field of the SU(N + 1) N = 2 SYM theory will thus take VEVs according to
The D5-brane probe action will capture the effective description for the corresponding U(1) factor and the scalar field φ. The moduli space will be then identified with the twodimensional domain in the transverse space where the D5-brane (which will then probe the background sourced by the remaining stack) can move freely. As it has been shown in [8] , in the setup introduced above, this (no-force, BPS) condition is realized when θ ′ = π/2. The corresponding subspace has metric given by
where we have introduced the complex coordinate 6) and it is understood that the dilaton is evaluated at θ ′ = π/2. It is the plane spanned by the complex coordinate w -which is transverse to the D5-brane probe (whose worldvolume is along x µ , θ, ϕ) -which is mapped to the moduli space.
The D5-brane action in static gauge is given by
7) where G ab is the induced metric, F is the U(1) gauge field strength on the brane,
is the D5-brane tension and the relevant part of C 6 is given by
The two-form potential C 2 is obtained from C 6 by Hodge duality.
Computing the above action on the θ ′ = π/2 subspace of the background it is easy to see that no potential term is induced. After integrating over the two sphere, in the low-energy limit (i.e. up to quadratic terms in derivatives), the action reduces to
This is precisely the effective action for the U(1) gauge field (with field strength F ) and the complex scalar φ we were looking for. The complex coupling τ (φ) is defined as usual τ = (θ/2π) + i(4π/g 2 ) and the map between gauge and gravity objects is given by 11) or, in terms of the coordinates u, φ 2 ,
Notice that the complex coupling τ has a branch cut along the interval [−2b, 2b] on the real axis. Now, on the field theory side we know that the complex coupling can be obtained from the prepotential
which is one-loop exact. 6 Here Λ is the dynamical scale of the theory in the renormalization scheme of e.g. [7] . A simple computation given in the Appendix, confirms that this is precisely the scheme used in [2] .
Considering a distribution of eigenvalues as in (2.4) we can thus deduce that
(2.14)
In the large N limit, the sum above can be replaced by an integral, so that we can write
by means of a unit-normalized density distribution ρ(a) of the complex VEVs.
From the explicit expression found in (2.11) we can thus deduce [8] that the supergravity solution here considered corresponds to a point of the Coulomb branch where the density distribution of the VEVs of the adjoint scalar field is precisely of the same form given in (1.5), with 16) which follow from the map between φ and w given in (2.11). As we have noticed above, the distribution of VEVs which is selected by localization has µ = 2Λ in the scheme used in [2] . In order to see whether the holographic computations (e.g. of the Wilson loop) match with the field theory results obtained using localization techniques, we thus need to focus on the particular background with
Notice, moreover, the crucial fact that the VEV distribution selected by localization has support on the real φ 2 = 0 (mod π) slice of the moduli space in our gravity setup. In fact, precisely this distribution is the one which solves the matrix model which emerges from localization. This, together with (2.11) and (2.16), is one of the essential ingredients to consider when holographically computing the Wilson loops which are relevant in the framework of localization.
The holographic Wilson loop
We want to focus on Wilson loops of the form given in (1.2). We will consider general spatial contours in the strict Lµ → ∞ limit. In this case any contour can be approximated by an interval of infinite extension. Holographically, the Wilson loop is computed by means of the formula log
where S r N G is the renormalized Euclidean Nambu-Goto action for an open string which is attached to the contour C on the boundary.
The point in the internal manifold on which the open string sits is determined by the scalar couplings of the Wilson loop. The supersymmetric Wilson loop (1.2) couples to the adjoint scalar field of the N = 2 theory which gets a VEV on a real slice of the Coulomb branch (according to the fact that the relevant large N solution of the matrix model obtained through localization has support on the real axis). In our setup, this implies considering the open string to be attached to a BPS probe brane at a precise fixed value of the angle φ 2
Once the position of the string in the internal space is determined, the actual holographic calculation is straightforward. The open string embedding relevant for the Wilson loop computation in the setup described in the previous section is described as follows
where M is an UV cutoff and in terms of the original radial variable u (which has minimal value u min = 0 for the selected choices of angles and parameter b)
where we have fixed b = 1 for the reasons explained above. From eq. (2.5) it is immediate to see that the induced metric on the open string world-sheet reads
The Euclidean Nambu-Goto action reads
6) where we have used the gauge/gravity dictionary introduced above. After subtracting the UV divergent term L φ[M] and using the holographic relation (3.1) we get the perimeter law
precisely reproducing the field theory result found in [1] .
It would be interesting to further cross-check holography and localization beyond the leading order decompactification limit. This would amount on finding the supergravity dual of N = 2 SYM on S 4 by studying a suitable deformation of the wrapped D5-background described above, along the lines of what has been recently done in the N = 2 * case in [16] . This would allow us to also holographically compute other relevant observables, like the field theory free energy on S 4 , which have been also determined on field theory grounds using localization in [1] .
The fractional D3-brane setup
The same Z 2 -symmetric distribution of VEVs on which we have focused above, was realized in [10] in a context in which N = 2 SYM is obtained as the low energy limit of N fractional D3-branes at the C × C 2 /Z 2 orbifold singularity. In this case the 10d string-frame metric has a form given by (see e.g. [17, 18] )
The orbifold action acts on the transverse complex coordinates as w 1 → −w 1 , w 2 → −w 2 leaving z unchanged. The dilaton Φ D is actually constant if the background is sourced by just N fractional D3-branes. 7 The warp factor H depends on the transverse coordinates in a non-trivial way which depends on the field theory vacuum to which the background is dual. In the case we are interested in, the function H has not been explicitly computed. However, as we will see in a moment, knowledge of H is not necessary for the holographic computation of the Wilson loop we are focusing on.
A probe analysis analogous to the one considered for the wrapped D5-brane case allows to identify the plane spanned by z with the moduli space of the theory. The relation between the complex scalar field VEV φ and z is given by
The crucial features of the supergravity solution sourced by the fractional branes are captured by the value of the twisted sector scalar field
where C 0 , C 2 are RR potentials, B 2 is the NSNS antisymmetric field and the integral is done over the vanishing two-cycle of the orbifold. The explicit expression of the warp factor can be determined by solving a differential equation depending on γ.
In [10] it was shown that there is a class of fractional D3-brane solutions which is a good candidate (alternative to the wrapped D5-brane one) to provide a dual description to the N = 2 SYM Z 2 -symmetric vacuum we are interested in. The twisted sector scalar field (which actually gives the complex coupling of the U(1) theory on the probe brane 8 ) reads in fact
where we have used the relation z = 2πα ′ Λv given in [10] together with formula (4.2) and we have defined µ = 2Λ , (4.5)
where Λ is the dynamical scale of the theory. Notice the matching between these expressions and the corresponding ones in the wrapped D5-brane context with b = 1.
We can now repeat almost literally the holographic Wilson loop computation considered in the previous section. The relevant open string embedding is 6) and the string is attached to a BPS probe at w 1 , w 2 = 0 and Im[z] = 0. The world-sheet metric then reads ds
so that the on-shell Nambu-Goto action reads
where M is as usual an UV cutoff. After subtracting the perimeter divergence LM one gets a renormalized Nambu-Goto action which in turn gives rise to the expected relation log W = Lµ , (4.9)
for the Wilson loop VEV on a large spatial contour. It could be interesting to consider whether analogous matchings with localization computations are realized for N = 2 SYM theories coupled with fundamental hypermultiplets. In this case one should explore solutions involving fractional D7-branes too, as in [17, 18] .
A On the renormalization scheme in [2] A simple way to realize that the renormalization scheme in [2] actually coincides with the one adopted in (2.13), (2.14) is as follows. 9 The partition function for large N, N = 2 SYM on S 4 as can be deduced from eq. (5.4) in [2] (with N f = 0) reads
where γ is the Euler number, the instanton contribution Z inst has been put to one according to the observations in [1] and the radius r of S 4 has been set to one. To perform the decompactification limit we restore the r−dependence and we take ra i ≫ 1, then the function H(x) behaves to leading order as (see e.g. eq. (A.4) in [2] ) log H(x) = − 1 2
Taking, in this limit, a VEV distribution as in (2.4) and considering for instance the case φ ≫ a j just to pick up the UV behavior, it turns out that the φ-dependent factor in the integrand of (A.1) goes, to leading order, as precisely coincides with the prepotential (2.13) in the same limit.
